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Synthetic category theory: why?

Homotopy theory “=" (0o, 1)-category theory.

Trend towards model-agnostic arguments.

[Cisinski-C.-Nguyen-Walde]: Build basic theory on model-agnostic
language.

Can do stable homotopy theory, higher algebra, oco-topoi, . ...

Type theory potentially closer to model-agnostic language.

Goal: A type theory for (oo, 1)-categories
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Synthetic category theory: how?

Two prominent approaches, both extending Martin-Lof type theory:

e Directed type theory [LH11; Nuy15; Norl9; AN24]|: replace identity
types x =4 y by asymmetric hom types homa(x, y).

e Simplicial type theory [RS17; BW23; GWB24]: extend MLTT with
new type layers that allow “probing” types, leading to categorical
structure (Segal/Rezk types).

Our approach is radically different:
@ Starting point: language + axioms from [CCNW];

@ Find a type theory making these rigorous.
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Approach of [CCNW]

Three-step process:
@ Formulate axioms in model-agnostic language,
@ Build up theory,
@ Pick “underlying substrate”.
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Approach of [CCNW]

Three-step process:
@ Formulate axioms in model-agnostic language,
@ Build up theory,
@ Pick “underlying substrate”.

Choice of model-agnostic language:
e (1) Primitive notions:
o Structure: (oo, 1)-categories, functors, natural isos, . . ..
e Coherences: Composition, identities, associativity, .. ..
e (2) Basic constructors:
Terminal/initial (oo, 1)-category;
(Co)products;

Pullbacks;
Functor categories.
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(1) Primitives

Structure:
@ (00, 1)-categories C, D, E,...;
Given C,D, functors F,G: C — D;
Given F, G, natural isomorphisms «, 3: F = G;
Given «, 3, 3-isos H: a = 3;

Etcetera

Coherences:
e Composition of functors/natural isos/...
o Unitality, associativity, inverses
@ Whiskering, horizontal composition, ...

Ilvan’s insight: Use Grothendieck-Maltiniotis weak (w, 1)-categories!
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Grothendieck-Maltiniotis weak (w, 1)-categories

Globular set:
@ Set Xp of objects (‘O-cells’)
e For x,y € Xo, a set Xi(x,y) of morphisms (‘1-cells’)
e For f,g € Xi(x,y), a set Xo(f,g) of 2-cells
o Etcetera
Weak (w, 1)-categories: Globular set with:
e Operations (compositions, whiskerings, ...);
e Coherences (unitality, associativity, ...)

Formulated using Grohendieck’s “coherators”.

Reformulated using type theories GSeTT/CaTT (Finster-Mimram)
[FM17].
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Type theory GSeTT

Judgments:
M+, M= A, AF~y:T, Mr=t¢: A

Inference rules:

o M M- A x ¢ Var(T)
0+ Mx:AbF
I NM-t: A MN-u:A
% lEt—au

AbF~:T Mx:AkF AFt: AN

Fr=(:0 AF(y,x—1t): ([ x:A)
M- (x:A)erl
NEx:A
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
~__A
f/
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
~__A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.

Bastiaan Cnossen Synthetic category theory in CaTT February 19th, 2026



Pasting contexts

Question: When should we get coherences?

f
. g f g h
X , x Ja y—— 2z, X—=y=z—=w
N
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f e g f. &g _ h
X =y , x Yo y— z, X—=y=z—=>w
~__A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
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Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f g f g h
X =y =2z X , X—=y=>z=>w

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f'
f g - f g h
X =y =2z, X y , X—=y —=>Z—=Ww

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f'
f. g L f. &g _ h
X =y =z, x o y , X—=y=z—=>w
N~ A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
~__A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f g N g
X =y =2z x Ja y—— 2z, X
N~ A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f g VR g f
X =y =z, x Yo y— z, X =y
~_
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.

Bastiaan Cnossen Synthetic category theory in CaTT February 19th, 2026



Pasting contexts

Question: When should we get coherences?
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X =y =z, x Yo y— z, X—=y =z
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f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
~__A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)
o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
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Pasting contexts

Question: When should we get coherences?

f
f. g e g f. &g _ h
X =y =z, x Yo y— z, X—=y=z—=>w
~__A
f/

Answer: Pasting contexts! Generated by two rules:
@ Base pasting context: (x : *)

o Context extension at ‘dangling variable”: I,y : A/ f: x =4 y.
Rules:

MFps fix—ay MNFps x 1 A
(x %) Fps x 1% Mpsy 1 A M Fps

NFps x: A
My :Af:ix—=aybpsfix—ay

when y, f ¢ Var(I).
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Coherences

Idea: Every pasting context has a unique “total composite”.

I Fps NFu:A NFv:A
NFcohrys,wiu—av

(COH)
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Coherences

Idea: Every pasting context has a unique “total composite”.

I Fps NFu:A NFv:A
NFcohrys,wiu—av

(COH)

The side condition (COH) has two cases:
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Coherences

Idea: Every pasting context has a unique “total composite”.

I Fps NFu:A NFv:A
NFcohrys,wiu—av

(COH)

The side condition (COH) has two cases:

Var(u : A) = Var(07T)

(comr) {Var(v : A) = Var(97T)

Read: “u is a total composite of 97T, v is a total composite of O+
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Coherences

Idea: Every pasting context has a unique “total composite”.

I Fps NFu:A NFv:A
NFcohrys,wiu—av

(COH)
The side condition (COH) has two cases:

Var(u : A) = Var(07T)
(comr) {Var(v : A) = Var(97T)

Read: “u is a total composite of 97T, v is a total composite of O+

(1) Var(u : A) = Var(I')
Var(v : A) = Var(I)

Read: "u and v are total composites of [
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Coherences

Idea: Every pasting context has a unique “total composite”.

I Fps Nu:A Nv:A
NFcohrys,viu—av

(COH)
The side condition (COH) has two cases:

Var(u : A) = Var(07T)
(comr) {Var(v : A) = Var(97T)

Read: “u is a total composite of 7T, v is a total composite of O+

(1) Var(u : A) = Var(I')
Var(v : A) = Var(I)

Read: “u and v are (higher coherences between) total composites of "
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Example coherences

Side conditions:

(comp) Var(u : A) = Var(0™T) (V) Var(u : A) = Var(I')
Var(v : A) = Var(91T) Var(v : A) = Var(I)

Bastiaan Cnossen Synthetic category theory in CaTT February 19th, 2026 10 /20



Example coherences

Side conditions:

(comp) Var(u : A) = Var(07T) (V) Var(u : A) = Var(I')
Var(v : A) = Var(97T) Var(v : A) = Var(I)
Examples (COMP):

f
f g s g
X —y — z x da y— 2z
~—_
f’
u=x, v=z u=gof, v=gof

~ gof (composition) ~ gxa (whiskering)
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Example coherences

Side conditions:

(comp) Var(u : A) = Var(07T) (V) Var(u : A) = Var(I')
Var(v : A) = Var(97T) Var(v : A) = Var(I)
Examples (COMP):

f
f g s g
X —y — z x da y— 2z
~—
f’
u=gof, v=gof
~ gof (composition) ~ gk

Example (INV):

u=x, v=z

(whiskering)
f g h

X y z w

u=ho(gof), v=(hog)of

~» assocpg ¢ (associator)
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From quasicategories to weak (w, 1)-categories

Upshot: Have type theory whose models are weak (w, 1)-categories.
Question: Why do we care?
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From quasicategories to weak (w, 1)-categories

Upshot: Have type theory whose models are weak (w, 1)-categories.
Question: Why do we care?

Theorem (C.-Kobe)

Every quasicategory defines a weak (w, 1)-category.
In particular, the quasicategory Cat (o 1) of (small) (co, 1)-categories
defines an (w, 1)-category.
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From quasicategories to weak (w, 1)-categories

Upshot: Have type theory whose models are weak (w, 1)-categories.
Question: Why do we care?

Theorem (C.-Kobe)

Every quasicategory defines a weak (w, 1)-category.
In particular, the quasicategory Cat (o 1) of (small) (co, 1)-categories
defines an (w, 1)-category.

Next up: Formulate basic axioms in CaTT.
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(2) Basic constructors

Idea: Define constructors via universal properties:
@ An object x is terminal if for every y there is a unique y — x;
o A product x X y of x and y comes with pr;: x X y — x and
pro: x X y — y, such that for f: z — x and g: z — y there is a
unique (f,g): z—xx yst. f Zpryo(f,g) and g X pryo(f,g).
o A pullback x X, y is ...
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(2) Basic constructors

Idea: Define constructors via universal properties:
@ An object x is terminal if for every y there is a unique y — x;
o A product x X y of x and y comes with pr;: x X y — x and
pro: x X y — y, such that for f: z — x and g: z — y there is a
unique (f,g): z—xx yst. f Zpryo(f,g) and g X pryo(f,g).
o A pullback x X, y is ...
° ...
Uniqueness of a term x : A in CaTT means:

@ Existence of such x: A:;

@ For every two x,y : A a unique term o : x —4 Y.
(Semantically: the type A is ‘weakly contractible’).
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Terminal object 1 : %

Idea: Every ‘iterated hom-type' of x —, 1 is inhabited.
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Terminal object 1 : %

Idea: Every ‘iterated hom-type' of x —, 1 is inhabited.

Iterated hom types of a type:
The judgment 0*(B) = A (“B is an iterated hom type of A") is defined by:

M- A -9*(B)=A TFtu:B
r=o0*(A)=A r-o*(t—=pu)=A
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Terminal object 1 : %

Idea: Every ‘iterated hom-type' of x —, 1 is inhabited.

Iterated hom types of a type:
The judgment 0*(B) = A (“B is an iterated hom type of A") is defined by:

Mr=A r-o*(B)=A l-tu:B
r=o0*(A)=A r-o*(t—=pu)=A
The rules:
M- I+ 0%(B)=(x —«1)
ME1:% r+1g:B
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Terminal object 1 : %

Idea: Every ‘iterated hom-type' of x —, 1 is inhabited.

Iterated hom types of a type:
The judgment 0*(B) = A (“B is an iterated hom type of A") is defined by:

Mr=A r-o*(B)=A l-tu:B
r=o0*(A)=A r-o*(t—=pu)=A
The rules:
M- I+ 0%(B)=(x —«1)
ME1:% r+1g:B

@ Have 1 : x — 1;
o Forf,g:x—1 havelf o :f = gand !, r:g—f;

e Have idr = (Ig¢) o (lf—g), etcetera...
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Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.
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Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.
eForf:z—x,g:z—y,get(f,g):z—>xxy,;
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Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.
eForf:z—x,g:z—y,get(f,g):z—>xxy,;
@ For hyk:z—xxy,a:pryoh—priok, 8:prpoh— pryok, get
(o, B) : h— k;
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Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.
eForf:z—x,g:z—y,get(f,g):z—>xxy,;
@ For hyk:z—xxy,a:pryoh—priok, 8:prpoh— pryok, get
(o, B) : h— k;
o Etcetera...?
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Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.
eForf:z—x,g:z—y,get(f,g):z—>xxy,;
@ For hyk:z—xxy,a:pryoh—priok, 8:prpoh— pryok, get
(o, B) : h— k;
o Etcetera...?
Higher whiskering:
Given g: y —p z, we have:
@ For f: x =g y a composite go f : x —p z;
e For a: f =, ' a whiskering g xav: (gof) =y, (gof’)
° ..
e For a: A with 0*(A) = (x —p y), a higher whiskering g x a : g x A.

Bastiaan Cnossen Synthetic category theory in CaTT February 19th, 2026 14 /20



Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.

e Forf:z—x,g:z—y get(f,g):z—xxy;
@ For hyk:z—xxy,a:pryoh—priok, B:prpoh— pryok, get
(a,B) : h— k;

o Etcetera...?

Bastiaan Cnossen Synthetic category theory in CaTT February 19th, 2026 14 /20



Products x X y :

Idea: Get term of iterated hom type of z — x X y by specifying “both
components”.

e Forf:z—x,g:z—y get(f,g):z—xxy;

@ For hyk:z—xxy,a:pryoh—priok, B:prpoh— pryok, get
(a,B) : h— k;

o Etcetera...?

The rules:
M- 0*(A) = (z 2w x X y)
F-f:pry*xA
MN=x:% M-y % FFg:proxA
MkExxy:* M= (f,g): A

[F cohi'(f,g): f == pry x(f,g)
[ cohy(f,g): g = pro*(f,g)
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Pullbacks x x, y :

Idea: Axiomatize universal cone for x — z < y.
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Pullbacks x x, y :

Idea: Axiomatize universal cone for x — z < y.

Execution more difficult: need ‘whiskering of cones'.
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Pullbacks x x, y :

Idea: Axiomatize universal cone for x — z < y.
Execution more difficult: need ‘whiskering of cones'.

More generally: need whiskering of suitable “cone types”
A= (A1,...,Ap). Can introduce a “universal cone” for each cone type.
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Pullbacks x x, y :

Idea: Axiomatize universal cone for x — z < y.
Execution more difficult: need ‘whiskering of cones'.

More generally: need whiskering of suitable “cone types”
A= (A1,...,Ap). Can introduce a “universal cone” for each cone type.

We make heavy use of the “naturality construction” by
Benjamin—Markakis—Offord—Sarti—Vicary.
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Pullbacks x x, y :

Idea: Axiomatize universal cone for x — z < y.
Execution more difficult: need ‘whiskering of cones'.

More generally: need whiskering of suitable “cone types”
A= (A1,...,Ap). Can introduce a “universal cone” for each cone type.

We make heavy use of the “naturality construction” by
Benjamin—Markakis—Offord—Sarti—Vicary.

Details omitted.
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Internal homs [x, y] : %

Idea: Comes with ev: [x,y] X x — y. For f: z — [x, y], obtain its
uncurrying fY:

fxidy ev
ZXXx —= [x,y] Xxx = y.

Universal property: for every g: z X x — y, there is a unique currying
gc: z — [x,y] with (go)" = g.
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Internal homs [x, y] : %

Idea: Comes with ev: [x,y] X x — y. For f: z — [x, y], obtain its
uncurrying fY:
fxidyx ev
ZXXx —= [x,y] x x = y.

Universal property: for every g: z X x — y, there is a unique currying
8c: z = [x,y] with (g.)" = g.

The rules:
= 9%(A) = (z =+ [x,¥])
Foxox Fy:x Fg:evx(AXx)
Fx,y] o x Fgc: A
Fev:[x,y] xx =y F coh¥(g) 1 g = ev * (ge % x)
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Conclusion

Upshot:
Type theory for (oo, 1)-categories with products/pullbacks/internal homs.

Future: More synthetic category theory:

o Categories [1] : x and [2] : * encoding morphisms/commutative
triangles;

@ Segal/Rezk conditions;
@ Groupoid cores: given X — C, X groupoid, get unique X — C=;

@ Other category constructors, formulated via
Map(C, D) := Fun(C, D)~.
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