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Introduction

We’ll present an axiom system called Synthetic Stone Duality.

This axiom system is a variant of Synthetic Algebraic
Geometry (Cherubini, Coquand & Ritter (formerly Hutzler)).

The inspiration for this axiom system is the topos of light
condensed sets (Clausen & Scholze).

Another axiom system (Condensed Type Theory) with the
same inspiration has been studied by Barton & Commelin.

The axioms have a model in a constructive metatheory
(upcoming work by Coquand, Höfer & Sattler).
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Countably presented Boolean algebras

Definition

A Boolean algebra is countably presented iff

it merely is a
sequential colimit of finite Boolean algebras. We denote Boole for
the type of countably presented Boolean algebras.

Example

The initial Boolean algebra 2 is countably presented.
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Stone spaces

Definition

For B : Boole, we define the spectrum of B as the set of Boolean
morphisms from B to 2.

It is denoted by Sp(B).

Definition

Define for each type X the following type:

isStone(X ) :=
∑

B:Boole

X = Sp(B)

If isStone(X ) is inhabited, the type X is called Stone.
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Examples of Stone spaces

Example (Cantor space)

For each n : N, let Cn be the free Boolean algebra on n generators.

Sp(Cn) = 2n. Define C as the colimit of Cn. Sp(C ) = 2N.

Example (Countable conjunctions of decidable propositions)

Let α : 2N. For each n : N, define 2/α≤n as 2/(αk)k≤n.

Sp(2/α≤n) = (∀k≤nαk = 0).

Define 2/α as the colimit of 2/α≤n.

Sp(2/α) = (∀n:Nαn = 0).
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Axioms

Axiom 1: Stone Duality

For B : Boole, the evaluation map B → 2Sp(B) is an isomorphism.

Axiom 2: Surjections are Formal surjections

A map f : B → C in Boole is injective iff the corresponding map
(−) ◦ f : Sp(C ) → Sp(B) is surjective.
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Axiom 3: Local choice

Given S Stone, E ,F arbitrary, f : S → F and e : E ↠ F surjective,

there is some T Stone, a surjection T ↠ S and a map T → E
such that the following diagram commutes:

E

S F

e

f

Axiom 4: Dependent choice

Given a sequence of types (Xn)n:N with surjections Xn ↠ Xn−1, all
the limit projection maps X ↠ Xn are surjective.
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Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions.

Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1.

Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable.

Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions.

Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0.

Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition

A proposition is called open if it is a countable disjunction of
decidable propositions. Equivalently, P is open iff there exists some
binary sequence α : 2N such that P ↔ ∃k:Nαk = 1. Such
propositions are also known as semi-decidable. Denote Open for
the type of open propositions.

Definition

A proposition is called closed if it is a countable conjunction of
decidable propositions. Equivalently, P is closed iff there exists
some binary sequence α : 2N such that P ↔ ∀k:Nαk = 0. Denote
Closed for the type of closed propositions.



Introduction Axioms Synthetic topology Unit interval Work in progress

Synthetic topology

Definition (Topology on a type)

Let X be any type, and A ⊆ X a subset.

A is called open iff for all x : X the proposition x ∈ A is open.
A is called closed iff for all x : X the proposition x ∈ A is
closed.

Lemma (All functions are continuous)

For any f : Y → X and A ⊆ X open, we have that f −1(A) is open.

y ∈ f −1(A) ↔ f (y) ∈ A
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Not all closed propositions are decidable.

Example (Cantor space)

For C the free Boolean algebra on N generators, Sp(C ) = 2N.

Axiom 1: Stone duality

For B : Boole, the evaluation map B → 2Sp(B) is an isomorphism.

Modulus

For any f : 2N → 2, the value of f (α) only depends on finitely
many values of α. (Those occuring in f as term of C .)

The negation of WLPO

It is not the case that for any α : 2N we can decide
(∀n:Nαn = 0) ∨ ¬(∀n:Nαn = 0)

Corollary

Not all closed propositions are decidable.
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Stone is a proposition

Axiom 1: Stone duality

For B : Boole, the evaluation map B → 2Sp(B) is an isomorphism.

Remark

For S : Stone, we have S = Sp(2S), isStone(X ) is a proposition
and Sp is an embedding Boole ↪→ U . Its image is called Stone.

Remark

Both Stone and Boole have a natural category structure and Sp is
a dual equivalence between these categories.

Corollary

Stone spaces are sequential limits of finite sets.
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a dual equivalence between these categories.

Corollary

Stone spaces are sequential limits of finite sets.
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The negation of a closed propostion is open

Corollary (Of isStone being a proposition)

For B : Boole, we have ¬Sp(B) iff 0 =B 1.

Example (Closed propositions are Stone)

Let α : 2N. For each n : N, define 2/α≤n as 2/(αk)k≤n.

Sp(2/α≤n) = (∀k≤nαk = 0).

Define 2/α as the colimit of 2/α≤n.

Sp(2/α) = (∀n:Nαn = 0).

Lemma (Markov’s principle)

¬∀n:Nαn = 0 → ∃k:Nαk = 1.

Thus the negation of a closed proposition is open.
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Overtly discrete types

Definition

A type is overtly discrete if it merely is a sequential colimit of
finite sets.

Remark (Sojakova, van Doorn, Rijke)

Overtly discrete types are closed under equality, propositional
truncation and Σ.

Corollary (transitivity of openness)

Open propositions are closed under Σ. Thus if A ⊆ B,B ⊆ C are
open, then A ⊆ C open.

Remark

A proposition is open iff it is overtly discrete. Equality in overtly
discrete types is open.
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Closed has binary disjunctions

Corollary (Of isStone being a proposition)

For B : Boole, we have ¬Sp(B) iff 0 =B 1.

Axiom 2: Surjections are formal surjections

A map B → C is injective iff Sp(C ) → Sp(B) is surjective.

Lemma (Propositional completeness)

For B : Boole, we have 0 ̸=B 1 iff ||Sp(B)||.

Corollary (WKL)

For Sn a tower of finite sets, we have || limn:N Sn|| ↔ ∀n:N||Sn||.

Corollary

Closed is closed under binary disjunctions.
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Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.
There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)
A merely is a countable intersection of decidable subsets.
A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.

There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)
A merely is a countable intersection of decidable subsets.
A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.
There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)

A merely is a countable intersection of decidable subsets.
A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.
There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)
A merely is a countable intersection of decidable subsets.

A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.
There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)
A merely is a countable intersection of decidable subsets.
A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Topology of Stone spaces

Axiom 3: Local choice

T E

S F

e

f

Corollary (Classification of closed subsets of Stone spaces)

For S : Stone, and A ⊆ S, the following are equivalent:
A is closed.
There exists a function α : S → 2N such that
x ∈ A ↔ (∀n:Nα(x)n = 0)
A merely is a countable intersection of decidable subsets.
A is the image of a Stone space.

Corollary (transitivity of closedness)

Closed is closed under Σ.



Introduction Axioms Synthetic topology Unit interval Work in progress

Summary of topological results

The negation of a closed proposition is open

and vice versa.

A proposition is clopen iff it is decidable.

Both Open,Closed are closed under double negation and Σ.

Closed propostions are closed under countable conjunctions
and binary disjunctions.

Open propositions are closed under countable disjunctions and
binary conjunctions.

Equality in overtly discrete spaces is open.

The propositional truncation of an overtly discrete type is
open.

Equality in Stone spaces is closed.

The propositional truncation of a Stone space is closed.
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Compact Hausdorff types

Definition

A type X is compact Hausdorff if there exists a surjection
S ↠ X with S : Stone

and equality is closed in X . Denote CHaus
for the type of compact Hausdorff types.

Example (I)

For I the interval of Cauchy reals, define cs : 2N → I by

cs(α) =
∑
k∈N

α(k)

2k+1
.

By WKL, cs is surjective, and equality in I is closed.
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Topology of the interval

Lemma (Classification of closed subsets in Stone)

For S : Stone,A ⊆ S, A is closed iff it is a countable intersection of
decidable subsets.

Lemma (Classification of closed subsets in CHaus)

For X compact Hausdorff with q : S ↠ X, any A ⊆ X is closed iff
it is of the form q(B) for some B ⊆ S closed.

Remark

The decidable subsets of 2N are given by finite unions of the form
A = {α : 2N|α|n = a} for some a : 2n. cs(A) = [cs(a · 0), cs(a · 1)]

Corollary (Topology of I)
The closed subsets of I are countable intersections of finite unions
of subintervals of the form [r , s]. Thus continuity of all functions
implies ϵ, δ-continuity.
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of subintervals of the form [r , s]. Thus continuity of all functions
implies ϵ, δ-continuity.
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Omniscience principles revisited

Lemma (In BISH)

WLPO is equivalent to
∀x :I(x ≤ 1

2 ∨ x > 1
2).

Lemma (In BISH)

LLPO is equivalent to
∀x :I(x ≤ 1

2 ∨ x ≥ 1
2).
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Localization at the interval

In homotopy type theory, “a path from x to y in X” is a term
of x =X y .

In classical homotopy theory, “a path from x to y in X” is a
map γ : I → X with γ(0) = x , γ(1) = y .

Remark (Rijke, Spitters, Shulman)

A type X is I-modal iff const : X ≃ (I → X ). There is a modal
operator LI on types such that:

LIX is I-modal.
There is a map ηX : X → LIX such that for I-modal types Y ,
we have (−) ◦ ηX : (LIX → Y ) ≃ (X → Y ).

Lemma (Localization sends topological paths to HoTT paths)

Σγ:I→X (γ(0) = x ∧ γ(1) = y) → ηX x = ηX y
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The topologist’s sine curve

Definition

Define for each k : N, the set Yk ⊆ [0, 1]× [−1, 1] by
Yk = ([0, 1k ]× [−1, 1]) ∪ {(x , sin 1

x )|x ≥ 1
k }.

1
k

Definition

Define Y =
⋂

k:N Yk .

Lemma

LIY is contractible.

Lemma

There is no path I → Y from (0, 0) to
(1, sin(1)).
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Theorem

For S : Stone, and A an S-indexed family of overtly discrete
abelian groups,

Hn(S ,A) = 0 for n > 0.

Definition (Čech cover)

If Y ↠ X a surjection and A an X -indexed family of abelian
groups, we can define a chain complex:

Πx :XA(x)
Y (x) δ0−→ Πx :XA(x)

Y (x)2 δ1−→ Πx :XA(x)
Y (x)3 δ3−→ · · ·

δn(α)x(y0, · · · , yn) = Σn
i=0(−1)iα(y0, · · · , x̂i , · · · , yn)

Define Ȟn(X ,Y ,A) as the n-th cohomology group.

Theorem

For X : CHaus with S ↠ X and A an X-indexed family of overtly
discrete abelian groups, Hn(X ,A) = Ȟn(X ,S ,A)
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Define Ȟn(X ,Y ,A) as the n-th cohomology group.

Theorem

For X : CHaus with S ↠ X and A an X-indexed family of overtly
discrete abelian groups, Hn(X ,A) = Ȟn(X ,S ,A)
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Links

All (WIP) papers: ©/felixwellen/synthetic-zariski.

WIP formalization: ©/Freek98/FormalizationSSD

AI formalization setup: ©/Freek98/AutoFormalizationSetup

https://github.com/felixwellen/synthetic-zariski
https://github.com/Freek98/FormalizationSSD
https://github.com/Freek98/AutoFormalizationSetup
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