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(Computational) univalence

Modalities
Subtyping

Observational equality
ν equations

Real proof assistants have curves
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Trusted
kernel

Big complicated
mess
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Kernels are only a few kLoC of pure functional code. So what’s hard?

Invariants + Dependent type theory

=
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Meta-theory

Verified type checker

Meta-theory of an object theory in an ambient theory
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• substitution for term variables

• substitution for universe variables

• weakening

• strengthening

• injectivity of type constructors

• confluence

• standardisation

• safety

• progress

• preservation/subject reduction

• uniqueness of types

• canonicity

• logical consistency

• normalisation

• decidability

Which properties are needed to verify what?

How do we prove these properties?
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How to verify a kernel

From What Does It Take to Certify a Conversion Checker? (FSCD ’25)



Information must flow

Bidirectional typing

Separate Γ ⊢ 𝑡 : 𝐴 into

inference: Γ ⊢ 𝑡 ▷ 𝐴 checking: Γ ⊢ 𝑡 ◁ 𝐴

Similar “meaning”, different operational modes: input/subject/output (after McBride)

Constraints on dangerous rules (conversion, transitivity…)
Clear information flow guiding invariant preservation
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Specifying a decision procedure

𝑃 : 𝐷 → ℙ ?
⇔ 𝑝 : 𝐷 → 𝔹

0. decidability: (𝑝 𝑑 = true) ∨ (𝑝 𝑑 = false)

How do you know that the type checker terminates?

1. soundness: 𝑝 𝑑 = true ⇒ 𝑃 𝑑

Look at the trace of the type checker

2. completeness: 𝑃 𝑑 ⇒ 𝑝 𝑑 = true

reflexivity ≃ normalisation

3. profit?
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A better organisation

𝑃 : 𝐷 → ℙ ?
⇔ 𝑝 : 𝐷 ⇀ 𝔹

1. positive soundness: 𝑝 𝑑 = true ⇒ 𝑃 𝑑
Look hard at the trace of the type checker

2. negative soundness: 𝑝 𝑑 = false ⇒ ¬(𝑃 𝑑)
Look harder at the trace of the type checker

Partial correctness

3. termination: (𝑝 𝑑 = true) ∨ (𝑝 𝑑 = false)
Still hard, of course…

4. ⇒ completeness, decidability…

Now we have a plan
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A very innocuous (?) rule

AppCong
Γ ⊢ 𝑓 ≡ 𝑓 ′ : Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 ≡ 𝑢′ : 𝐴

Γ ⊢ 𝑓 𝑢 ≡ 𝑓 ′ 𝑢′ : 𝐵[𝑢]

What are the pre- and post-conditions of definitional equality?
Are the input terms already well typed? Do they have the same type?

Definitional equality is bidirectional too

Γ ⊢ 𝑓 ≡ 𝑓 ′ ▷ Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 ≡ 𝑢′ ◁ 𝐴
Γ ⊢ 𝑓 𝑢 ≡ 𝑓 ′ 𝑢′ ▷ 𝐵[𝑢]
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A thorny analysis

Γ ⊢ 𝑓 ≡ 𝑓 ′ ▷ Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 ≡ 𝑢′ ◁ 𝐴
Γ ⊢ 𝑓 𝑢 ≡ 𝑓 ′ 𝑢′ ▷ 𝐵[𝑢]

How do we ensure the second premise is ok?

Γ ⊢ 𝑓 : Π 𝑥: 𝐴.𝐵
Γ ⊢ 𝑓 𝑢 : 𝑇

⇒ Γ ⊢ 𝑓 : Π 𝑥: 𝐴′.𝐵′

∧ Γ ⊢ 𝑢 : 𝐴′

⎫
⎪
⎬
⎪
⎭

??
⇒ Γ ⊢ 𝑢 : 𝐴
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The $1000 properties: definitional inversion

If you know 𝑇 ≡ 𝑇 ′, what can you conclude?

Π 𝑥: 𝐴.𝐵 ≡ Π 𝑥: 𝐴′.𝐵′ ?
⇒ 𝐴 ≡ 𝐴′ ∧ 𝐵 ≡ 𝐵′

Π 𝑥: 𝐴.𝐵 ≡ U ?
⇒ ⊥

S𝑚 ≡ S 𝑛
?
⇒ 𝑚 ≡ 𝑛

𝑥 𝑢 ≡ 𝑥 𝑢′
?
⇒ 𝑢 ≡ 𝑢′

…

The most important properties of all

The derivation of 𝑇 ≡ 𝑇 ′ might be quite complicated…

Very specific to the initial model!
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How to prove definitional inversions?

Map-marker-alt

Rewriting/Confluence

Domain theory

Logical relation Gluing/Nf Model

Weak ambiant
theory ✓

✓

× ×

Scaling ✓

?

× ∼

η laws ×

✓

✓ ✓
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Some domain theory

From Definitional Inversion, Without Normalisation (Preprint)



Mario Carneiro Stephanie Weirich Adrien Frabetti
Mathieu

Paul-André Melliès Thierry Coquand

I want to verify Lean’s kernel!

I want dependent types
and non-termination!

What about linear
dependent types?

Domains might help…

I’ve lost my intuitions,
is my 2018 proof correct?

14



Mario Carneiro Stephanie Weirich Adrien Frabetti
Mathieu

Paul-André Melliès Thierry Coquand

I want to verify Lean’s kernel!

I want dependent types
and non-termination!

What about linear
dependent types?

Domains might help…

I’ve lost my intuitions,
is my 2018 proof correct?

14



A domain model

Object theory ≈ MLTT ’71 = U : U + Π (β/η)

Modelled in a universal domain D

D =

⊥ = λ(⊥)

λ[D ⇒ D]

Π(⊥, ⊥)U

ΠD [D ⇒ D]

…
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What we get out

Π 𝑥: 𝐴.𝐵 ≡ Π 𝑥: 𝐴′.𝐵′ ?
⇒ 𝐴 ≡ 𝐴′ ∧ 𝐵 ≡ 𝐵′ “Injectivity for types”

Π 𝑥: 𝐴.𝐵 ≡ U ✓
⇒ ⊥ “No-confusion for types”

S𝑚 ≡ S 𝑛
✓
⇒ 𝑚 ≡ 𝑛 “Inversion for datatypes”

𝑥 𝑢 ≡ 𝑥 𝑢′ ?
⇒ 𝑢 ≡ 𝑢′ “Inversion for neutrals”

…
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The injectivity problem

Π 𝑥: 𝐴.𝐵 ≡ Π 𝑥: 𝐴′.𝐵′

⇒ JΠ 𝑥: 𝐴.𝐵K = JΠ 𝑥: 𝐴′.𝐵′K

⇒ Π(J𝐴K, J𝐵K) = Π(J𝐴′K, J𝐵′K)

⇒ J𝐴K = J𝐴′K ∧ J𝐵K = J𝐵′K

⇒ ??

Two problems:

1. Coming back from the model

2. Functions ≠ open terms

17
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Logical relations in a slide

Wanna show ∀ Γ, 𝐴, 𝑡 ∈ Tm(Γ, 𝐴). 𝑃(𝑡) ?

Logical relations ≈ displayed propositional model with a family 𝑃 defined by induction on 𝐴

But: can’t induct “on the type” if it’s up to definitional equality!

Π Γ, 𝐴 ∈ Ty(Γ). 𝑃Ty(𝐴)

Π Γ, 𝐴, 𝑡 ∈ Tm(Γ, 𝐴). A ∈ 𝑃Ty(𝐴) → 𝑃Tm(𝑡)

where 𝑃Ty is structure (= data) and 𝑃Tm defined by induction on A ∈ 𝑃Ty(𝐴)
𝑃Ty(𝐴) contains the normal form of 𝐴

But what if 𝐴 has no normal form??

18
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Compact approximations

D =

⊥ = λ(⊥)

λ[D ⇒ D]

Π(⊥, ⊥)U

ΠD [D ⇒ D]

…

D ∈ Dom◁ ≃ CUSL ∋ C

compacts(−)

ideals(−)

Elements of D are characterised by a set of compact approximations
The set of compacts is inductively generated
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Logical relations via domains, an intuition

• replace normal forms by domain elements
• use compacts to bootstrap an induction

J𝐴K ∈ D ⇒ compacts(J𝐴K) ⊆ C

𝑃Ty : C → (Tm(Γ, 𝐴) → ℙ)
⊥ ↦ (_ ↦ ⊤)

…

𝑃Ty : D → (Tm(Γ, 𝐴) → ℙ)

𝑢 ↦ ⋂
𝑐≤𝑢

𝑃Ty(𝑐)
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A sort-of closed model

No open terms/types in the model
→ similar to canonicity proofs

However, we can set J𝑥K := ⊥
• all neutrals intepreted as ⊥
• equality in the model is coarser than in syntax

• but equality of the glued model is just right!

We can still obtain results about open terms!
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The theorem

Fundamental lemma

For any 𝑎 ∈ C such that 𝑎 ≤ J𝐴K⊥ and 𝑎 : U, and 𝑢 ∈ C such that 𝑢 ≤ J𝑡K⊥ and 𝑢 : 𝑎,

Γ ⊢ 𝑡 ≡ 𝑡 ′ : 𝐴 ⟹ Γ ⊨ 𝑡 ≡ 𝑡′ : 𝐴 ∣𝑢:𝑎.

In particular:
Γ ⊨ Π𝑥:𝐴 𝐵 ≡ Π𝑥:𝐴′ 𝐵′ ∣Π(⊥,⊥)

Corollary

If Γ ⊢ Π𝑥:𝐴 𝐵 ≡ Π𝑥:𝐴′ 𝐵′, then Γ ⊢ 𝐴 ≡ 𝐴′ and Γ, 𝑥: 𝐴 ⊢ 𝐵 ≡ 𝐵′.

Technical details in the paper, even more gory details in the formalisations
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What we get out

Π 𝑥: 𝐴.𝐵 ≡ Π 𝑥: 𝐴′.𝐵′ ✓
⇒ 𝐴 ≡ 𝐴′ ∧ 𝐵 ≡ 𝐵′ “Injectivity for types”

Π 𝑥: 𝐴.𝐵 ≡ U ✓
⇒ ⊥ “No-confusion for types”

S𝑚 ≡ S 𝑛
✓
⇒ 𝑚 ≡ 𝑛 “Inversion for datatypes”

𝑥 𝑢 ≡ 𝑥 𝑢′ ?
⇒ 𝑢 ≡ 𝑢′ “Inversion for neutrals”

…
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For which type theories?

Done:

• MLTT ’71, but with η

• η for Σ (surjective pairing) & ⊤ (definitional singleton)
∘ problematic for rewriting
∘ non-confluent
∘ very type-directed

• general recursion (very easy!)

• hierarchy of universes

• datatypes (ℕ)

• equality (for now: proof relevant)

• strict propositions

To do:

• observational equality (seems pretty straightforward?)

• irrelevant equality with Lean “K-like” reduction
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Wrapping up



We can (should!) separate meta-theory and implementation

Cannot beat Gödel, but can salvage a lot: partial correctness is within reach

Inversion properties are key, more so that normalisation

There is space for new meta-theory with different constraints

• More features?

• Integration in MetaRocq/Lean4Lean?

• Neutral inversion?

• Typed rewriting?

Thank you!
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