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Inoariants  +  Dependent type theowy



Verified type checker







Meta-theory of an theory in an theory



substitution for term variables
substitution for universe variables
weakening

strengthening

injectivity of type constructors
confluence

standardisation

safety

progress

preservation/subject reduction
uniqueness of types
canonicity

logical consistency
normalisation

decidability



Which properties are needed to verify what?

How do we prove these properties?



How TO VERIFY A KERNEL

From What Does It Take to Certify a Conversion Checker? (FSCD ’25)



INFORMATION MUST FLOW
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SeparateI' =t : A into

inference: I' 7 1> checking: I' =1« A

Similar “meaning”, different operational modes: input/ / (after McBride)



INFORMATION MUST FLOW

Bidirectional typing
SeparateI' =t : A into

inference: I' 7 1> checking: I' =1« A

Similar “meaning”, different operational modes: input/ / (after McBride)

on dangerous rules (conversion, transitivity...)
Clear guiding invariant preservation
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A VERY INNOCUOUS (?) RULE

zwarich
R & @zwarich@hachyderm.io

@carloangiuli @mevenlennonbertrand @markusde Meven's
posts here have convinced me that any basic syntactic property
of a type theory | dream up in my head are nontrivial and might
indeed be false.

20 Aug 2026, 22:38 - @

1 boost - 0 quotes - 5 favourites

“ = * A
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A VERY INNOCUOUS (?) RULE

I'-f=f:IIx:AB l'tu=u A
I'~ fu= f"u' : Blu]

AprpPCONG

What are the pre- and post-conditions of definitional equality?
Are the input terms already well typed? Do they have the same type?

Definitional equality is bidirectional too

'+ f=f>IIx: AB l'ru=u <A
I' fu= " u > Blu]
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How do we ensure the second premise is ok?
'~ f:MIx:AB
' fu:T ??
= T'tu:A

=>TF f:IIx:A"B

A ThrHu:A
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THE $1000 PROPERTIES: DEFINITIONAL INVERSION

If you know T = T’, what can you conclude?

Mx:AB=Tx:A'B = A=A rB=}
Ix:AB=U =?> 1
Sm=Sn =?> m=n
xu=xu 2 u=u

The most important properties of all
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THE $1000 PROPERTIES: DEFINITIONAL INVERSION

If you know T = T’, what can you conclude?

=A'"AB=PB

I~
b

Mx:AB=1Ix:A".B

?
IIx:AB=U =
?

Sm=Sn = m=n

’ ? ’

XU=XU = u=u

The derivation of T = T” might be quite complicated...

Very specific to the initial model!
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How TO PROVE DEFINITIONAL INVERSIONS?

Rewriting/Confluence

Logical relation

Gluing/Nf Model

Weak ambiant
theory

Scaling

n laws

v

v

X

X
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How 10 PR(

Weak ambiai
theo

Scalir

n lav

Theory Comput Syst (2019) 63:647-665 @ CrossMark
https://doi.org/10,1007/500224-018-9879-9

An Adequacy Theorem for Dependent Type Theory

Thierry Coquand' - Simon Huber!

Published online: 28 July 2018
© The Author(s) 2018

Abstract We present a domain model of dependent type theory and use it to prove
basic metatheoretic properties. In particular, we prove that two convertible terms
have the same Bohm tree. The method used is reminiscent of the use of “inclusive
predicates” in domain theory.

Keywords Dependent type theory - Domain theory - Finitary projections
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How TO PROVE DEFINITIONAL INVERSIONS?

Rewriting/Confluence

Q

Domain theory

Logical relation

Gluing/Nf Model

Weak ambiant
theory

Scaling

n laws

v

v

v

?

X

X
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SOME DOMAIN THEORY

From Definitional Inversion, Without Normalisation (Preprint)



What about linear
dependent types?

I want to verify Lean’s kernel!

Domains might help...

| want dependent types
and non-termination!
B 717\ =

J .
<a

Mario Carneiro Stephanie Weirich Adrien Frabetti Paul-André Mellies
Mathieu

hierry Coquand

I’ve lost my intuitions,
is my 2018 proof correct?






A DOMAIN MODEL

Object theory ~ MLTT 71 =U : U + T1 (B/n)
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A DOMAIN MODEL

Object theory ~ MLTT 71 =U : U + T1 (B/n)

Modelled in a universal domain D

nop [D = D]

T

i =.)\(J_)

A[D = D]
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WHAT WE GET OUT
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Ix:AB=U

Sm=Sn

xu=xu
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m=n
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“Injectivity for types”
“No-confusion for types”
“Inversion for datatypes”

[13 . »
Inversion for neutrals
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THE INJECTIVITY PROBLEM

Mx: AB

[Mx: A.B]
n(A [BD)
[A] = [4]

Mx: A’.B
[Mx: A".B]
na’ 181
[B] = [B]
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THE INJECTIVITY PROBLEM

Two problems:
1. Coming back from the model

2. Functions # open terms

Mx: AB

[Mx: A.B]
n(A [BD)
[A] = [4]

Mx: A’.B
[Mx: A".B]
na’ 181
[B] = [B]
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LOGICAL RELATIONS IN A SLIDE

Wanna show VI, At € Tm(T, A). P(t)

?
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Wanna show VI, At € Tm(T, A). P(t) ?

Logical relations ~ displayed propositional model with a family P defined by induction on A

But: can’t induct “on the type” if it’s up to definitional equality!

IIT, A € Ty(I). Pr,(A)
IIT, At € Tm(T, A). A € Pr(A) > Pry(®)

where Pr is structure (= data) and Py, defined by induction on A € Pr,(»)
Pry(a) contains the normal form of A
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COMPACT APPROXIMATIONS

Nnop[D = D]

R

L= AL)

AD = D]
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COMPACT APPROXIMATIONS

ND[D= D]/ /A[D= D]

R

L= AL)

compacts(—)

/\
D e Dom* ~ CUSL 5C

\/

ideals(—)

Elements of D are characterised by a
The set of compacts is

19



LOGICAL RELATIONS VIA DOMAINS, AN INTUITION

- replace normal forms by domain elements

« use compacts to bootstrap an induction

[A] € D =

compacts([A]) € C
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LOGICAL RELATIONS VIA DOMAINS, AN INTUITION

- replace normal forms by domain elements

« use compacts to bootstrap an induction

[[A]] eD =
PTy:C -
1 >
PTy:D —
u —

compacts([A]) € C

(Tm(T, A) = P)
C—T)

(Tm(T, A) > P)

ﬂ P TY(C)

c<u

20



A SORT-OF CLOSED MODEL

No open terms/types in the model
— similar to canonicity proofs
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A SORT-OF CLOSED MODEL

No open terms/types in the model
— similar to canonicity proofs

However, we can set [[x] := L
- all neutrals intepreted as L
« equality in the model is coarser than in syntax

« but equality of the glued model is just right!

We can still obtain !

21



THE THEOREM

Fundamental lemma

For any a € C such thata < [A], anda: U,and u € C such thatu < [t], and u: q,

't=t':A = TEt=t: :1A],
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THE THEOREM

Fundamental lemma

For any a € C such thata < [A], anda: U,and u € C such thatu < [t], and u: q,

't=t':A = TFEt=t A,

In particular:
IEI ., B=T,.4 B Inuy

Corollary
IfT ~1,.,B=1l.4 B, thenTHA=A"andI,x: A~ B=B.
Technical details in the paper, even more gory details in the formalisations
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Done:
o MLTT ’71, but with n
« 1 for X (surjective pairing) & T (definitional singleton)
o problematic for rewriting

o non-confluent
o very type-directed

- general recursion (very easy!)
« hierarchy of universes
- datatypes (N)
« equality (for now: proof relevant)
« strict propositions
To do:
- observational equality (seems pretty straightforward?)

« irrelevant equality with LEAN “K-like” reduction
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FOR WHICH TYPE THEORIES?

Done:
o MLTT ’71, but with n

@ leandlean > Definitional inversion in the presence of axiom K

. Jeremy Chen

I would like to sha
in non-normali

- observational equality (seems pretty straightforward?)

« irrelevant equality with LEAN “K-like” reduction

proving defini

nversion-gu

YESTERDAY
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WRAPPING UP




We can (should!) separate meta-theory and implementation

Cannot beat Godel, but can salvage a lot: partial correctness is within reach

Inversion properties are key, more so that normalisation

There is space for new meta-theory with different constraints
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We can (should!) separate meta-theory and implementation
Cannot beat Godel, but can salvage a lot: partial correctness is within reach
Inversion properties are key, more so that normalisation

There is space for new meta-theory with different constraints
» More features?
« Integration in METAROCQ/LEAN4LEAN?
« Neutral inversion?

« Typed rewriting?

THANK YOU!
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