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Tiny Objects

Definition
A tiny object T in a category C is one for which (T — —):C — C
has a right adjoint v/ : C — C.
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Tiny Objects

Definition
A tiny object T in a category C is one for which (T — —):C — C
has a right adjoint v/ : C — C.

> 1 in Set.

» The interval I in many versions of cubical sets.

» The infinitesimal disk D := {z : R | 22 = 0} in models of
synthetic differential geometry.

» The universal object in the topos classifying objects,
[FinSet, Set].

> Any representable presheaf for a site with finite products.
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Tiny Objects in SDG

In a model of SDG, let D := {z : R | 22 = 0}.
The tangent space of X is the type TX := D — X.

A (not-necessarily linear) 1-form on X is a map
(D—X)—=R
By adjointness these are the same as maps

X = VR
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Want a right adjoint to (T — —) satisfying
> No axioms
> Allows T to be an ordinary type
» Comprehensible rules (relatively speaking)
>

Usable by hand, informally and in a (hypothetical) proof
assistant

> Plausible type-checking algorithm
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Previous Approaches To Tininess

» |LOPS18] axiomatises:

Vb - U
R:b((T — A) — B) ~b(A — v/B)
R-nat : {R is natural in A}
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Previous Approaches To Tininess

» |LOPS18] axiomatises:

Vb - U
R:b((T — A) — B) ~b(A — v/B)
R-nat : {R is natural in A}

> [Mye22| improves to:

Vb - U
e:(T—+B)— B
e :isEquiv(h(4 — /B) = b((T — A) — B))
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Previous Approaches To Tininess

> [ND21; ND19; Nuy25| targets a right adjoint to “telescope
quantification”:
I, (Vi:T.A)F A type
Iyi:T,AF (A type
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Previous Approaches To Tininess

> [ND21; ND19; Nuy25| targets a right adjoint to “telescope
quantification”:
I, (Vi:T.A)F A type
Iyi:T,AF (A type

> |GWB24| uses a system of MTT modalities together with an
axiom I',{p} =T,7: T.
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The Less Amazing Right Adjoint

(—x:A) 4 (x:A) = —

Nx:A+Fb: B 'Ff:(x:A)—B 'ka:A
'FAzxb:(x:A)— B 'k f(a) : Bla/x]
(Az.b)(a) = bla/z] f=Xx.f(x)
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The Less Amazing Right Adjoint

(—x:A) 4 (x:A) = —

Iz:AFb: B 'Ff:(x:A)—B F'tFa:A
F'tlam(): (z: A) — B 'k app(f,a): Bla/x]
app(lam(b), a) = bla/x] f = lam(app(f, z))
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The Less Amazing Right Adjoint

(—x:A) 4 (x:A) = —

MNx:A+Fb: B 'Ef:(x:A) —B
F'Flam(b): (z: A) —» B I,z: At unlam(f): B
unlam(lam(b)) = b f =lam(unlam(f))
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The Fitch-Style Right Adjoint

L 4R
ICha: A 'Ff:RA
I'Flam(a): RA I, L+ unlam(f): A
unlam(lam(b)) = b f =lam(unlam(f))

Following [BCMEPS20]. By T, £ T mean £L(T).
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The Fitch-Style Right Adjoint

L 4R
T, Cha:A THf:RA L¢T
I'Flam(a): RA [, L,T" F unlam(f): A
unlam(lam(b)) = b f =lam(unlam(f))

Following [BCMEPS20]. By T, £ T mean £L(T).
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The FitchTT-Style Right Adjoint

EHAL AR

I,LHb:B I,EF f:RB
I'Flam(b) : RB I'E, L unlam(f): B
unlam(lam(b)) = b f = lam(unlam(f))

where

IELHT I'g
NIT —— COUNIT ——————
TRy [LEF T}

Following [GCKGB22].
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The FitchTT-Style Right Adjoint

EALAR
ILHDb:B LEFf:RB
't lam(b) : RB 't app(f) : B{n}
app(lam(b)) = b{n} f=lam(app(f{e}))
where

nLELET r-Jg

oo Y T —
UNIT 7o COUN T LEF (o)

Following [GCKGB22].
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The Amazing Right Adjoint

(—i:T) 4 (—,&) 4

rars:B Ii:Tkr:B
T+ lam(b) : v/B T app(f) : B{n}
app(lam(b)) = b{n} f =lam(app(f{e}))
where
ri:T,aFJ r+J
UNIT ————————— COUNIT -
' J{n} r.a::TFJ{}

Specialising to a tiny type.
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The Amazing Right Adjoint

(—i:T) 4 (—,&) 4
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The Amazing Right Adjoint
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The Amazing Right Adjoint

(—i:T) 4 (—,&) 4

rarFs: B Ii:Tkr:\/B
I-ab:vB I'Fr(Yi.): B{Yi./a}
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The Amazing Right Adjoint

(—i:T) 4 (—,&) 4

rarFs: B Ii:Tkr:\/B
T-ab: VB T Fr(Yi.) : B{Yi.ja}
(@.b)(Yi.) = b{Yi./a} r=ar{i/a}(Yi.)
where
ri:T.aFJ g
T 7 (vija) O T e T J{ija)

Specialising to a tiny type. Yi. binds ¢ to its left.
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The Amazing Right Adjoint

(=i:T) 4 (= 8) 4V

r.a-Fbv:B Ii:THr:+,B
I'+agb: B I'Fr(Yi.): B{Yi./Jac}
(@c.0)(Yi.) = b{Vi./ac} r=8ac.(r{i/ac}(Vi.))
where
r,i:T,a+J re=Jg
T T viojac) O T an i TE Jijac)

Specialising to a tiny type. Yi. binds ¢ to its left.
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Smoothing Out the Counit

'=Jg

CcO
T e TE J{ija)
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Smoothing Out the Counit

'=Jg

CcO
T e TE J{ija)

Building in a substitution:

-7 T,akt:T
ra+ Jg{t/a}

COUNIT
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Smoothing Out the Counit

'=Jg

CcO
T e TE J{ija)

Building in a substitution:

-7 T,akt:T
ra+ Jg{t/a}

COUNIT

Building in some weakening:

r-g T.al’tt:T ad¢l’

CcO
o el - J{/a}
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Example: Extract

r-Jg
Ii:TFr:/B r.ar’+¢+:T
r.a1r FJ{t/a}

r,arb: B
r-ab:vB I'Fr(Yi.): B{Yi./a}

Definition

For closed* A, define e : /A — A by
e(r) :=r(vi.)

Compare:

const: A — (C' — A)

const(a) := Ac.a
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Example: Functoriality

r-Jg
r,arb: B Ii:TFr:/B r.ar’+¢+:T
r-ab:vB [+ r(Yi.): B{Yi./a} r,arl'+J{t/a}

Definition
For closed* f: A — B, define \/f : /A — /B by

(VA)(r) = a.f(r{i/a}(Vi))

Given 7 : v/A we want v/B. It suffices to produce B after locking
our assumptions. Because we have f: A — B we just need an A.
We don’t have access to r : v/ A, because r is locked. We could
unlock r as r{i/a} : /A if only we had an assumption 4 : T.
Because we are eliminating /, we amazingly do have this
assumption. So (r{i/a})(Yi.) : A, and we can apply f.
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Example: Functoriality

r-Jg
Ii:TFr:/B r.ar’+¢+:T
r.a1r FJ{t/a}

r,arb: B
r-ab:vB I'Fr(Yi.): B{Yi./a}

Definition
For closed* f: A — B, define \/f : /A — /B by

(VA)(r) = a.f(r{i/a}(Vi))

Compare:
fo—:(C—A) — (C— B)
(fo=)(r):=Ae.f(r(c)
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Copattern Syntax

r-Jg
r,arb: B Ii:TFr:/B r.ar’+¢+:T
r-ab:vB [+ r(Yi.): B{Yi./a} r,arl'+J{t/a}

Definition
For closed* f: A — B, define \/f : /A — /B by

(Vf)(r,8) = f(r{i/a}(Vi.))

In an argument list, a & locks all variables to the left of it. When
applied, the lock “argument” becomes a counit:

(VH)(s, vi) = f(r{i/a}(vi.))[s/r{Vi./a}
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“Higher Dimensional”’ Pattern Matching

Proposition

For types A and B, there is a map

unsplit: (T - A+ B) - (T — A)+ (T — B)

Proof.

lemma: A+ B — /(T — A) + (T — B))
lemma(inl(a),®) := inl(\t.a{t/a})
lemma(inr(b), &) := inr(\t.b{t/a})

4
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“Higher Dimensional”’ Pattern Matching

Proposition

For types A and B, there is a map

unsplit: (T - A+ B) - (T — A)+ (T — B)

Proof.
lemma: A+ B — /(T — A) + (T — B))
lemma(inl(a),&) := inl(At.a{t/a})
lemma(inr(b), &) := inr(\t.b{t/a})

Then:

unsplit(f) := lemma(f(7), Yi.)

DJ
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The counit and unit commute with ordinary constructions.

(z, y){i/a} = (e{i/a}, y{i/a})
(Ay.z +y){i/at = Ayafi/at +yli/a})

(z,y){vi./a} = (z{Vi./a}, y{Yi./a})
\y.x +y){Yi./a} = \y.z{Yi./a} +y{Yi./a})
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The Twain Shall Meet

When a unit meets a counit, it turns into a regular substitution:
J{t/ac{Vi./ac} = Tt/i]
In the simplest case,

I'i:THJ
. T,i:T,ac - J{t/ar}
L' J{t/ac}{Yi.[ac} = T[t/i]

COUNIT

UNI

Or to make this more clearly a triangle identity:
ri:T=J
- Ui: T, &, j:THJ{j/ac}
Lj:TET{/acYi/ack = Ti/i]

COUNIT

UNI
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Paused Substitutions?

Counits are almost substitutions waiting to be “activated”.

F:T = V(TxT)
f(z,8) = ({0/a}, z{1/a})

(supposing some global elements 0,1 : T)

=

i, Yi.)

(i{0/a}, i{1/a}){vi./a}
(i{0/a}{¥i./a}, i{1/a}{Vi./a})
(i[0/4],i[1/1]) = (0,1)

A single bound variable can have different things substituted for
it in different places.
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Paused Substitutions?

But not quite!

f:T— VT

[z, 8, 8c) = 2{0/asH{l/ax}

£(i, Vi, ¥3.)

= i{0/acH1/axc}{Yi./ac}{V]./ac}
=i[0/i][1/j] =0

10, Yie,v5.)

= j{0/acH{1/ax}{Yi./ac}{VJ./ac}
=j[0/d[1/j] =1

So the user of the term gets to choose which key is used.
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[LOPS18]| uses its version of v/ to build an internal model of
cubical type theory in intensional MLTT + Axioms.

I think we can do something a little different: use the present
theory (+ a little more) to implement cubical type theory.
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Composition Structure

Fix a “notion of composition structure” C: (I — U) — U.

isFib: (T':U) - (X: T =-U)—-U
isFib(I, X) :=(p: T —T) — C(X op)

The [LOPS18] construction of a universe classifying (crisp)
fibrations is:

This classifies crisp fibrations in that, for I' :: U,

(T = Upp) = (X =T = U) x isFib(T', X))
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Amazing Fibrancy

In our theory, the pullback works out to:
Urip = (X :U) X \/C()\]X{j/ov})
So we’re better off tweaking the definition of fibration

Definition
An amazingly fibrant type is a type X equipped with a term of

isAFib(X) := v/C(\j. X {j/a})
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Ingredients from CCTT

> A universe of judgemental propositions Cof closed under the
same things as in CCTT.
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Ingredients from CCTT

> A universe of judgemental propositions Cof closed under the
same things as in CCTT.

» Cubical subtypes Ao — ap] for « : Cof, roughly
Ala = ag] == (a: A) x ([a] = (a = ap))

so that magically pr;(s) = a9 when « holds.
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Ingredients from CCTT

> A universe of judgemental propositions Cof closed under the
same things as in CCTT.

» Cubical subtypes Ao — ap] for « : Cof, roughly
Ala = ag] == (a: A) x ([a] = (a = ap))

so that magically pr;(s) = a9 when « holds.

» Glue types Glue(a, B, T, f) for functions a + f : T'— B into
totally defined types B, roughly

Glue(a, B,T, f) := (t : [a] = T) x Bla+— f(t)]

so that magically Glue(a, B, T, f) =T when « holds.
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Ingredients from CCTT

> A universe of judgemental propositions Cof closed under the
same things as in CCTT.

» Cubical subtypes Ao — ap] for « : Cof, roughly
Ala = ag] == (a: A) x ([a] = (a = ap))

so that magically pr;(s) = a9 when « holds.

» Glue types Glue(a, B, T, f) for functions a + f : T'— B into
totally defined types B, roughly

Glue(a, B,T, f) := (t : [a] = T) x Bla+— f(t)]

so that magically Glue(a, B, T, f) =T when « holds.

» Not coercion, composition, Path.
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The CCTT Composition Structure

The composition structure used in [ABCFHL21]| is

C(L) :==(a:Cof) = (r:1) — (v : 1)
— (P:(z:1) > [z=rVal — L(z))
— L(r)[r=7"Va— P
Plugging into the definition of amazing fibrancy:
isAFib(X) := v (a: Cof) — (r: 1) — (' : 1)
= (P:(z2:1) = [z=rVa = X{z/ar})
— X{r'Jac}r=1"Va— P(')
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Example: Fibrancy of x

Being amazingly fibrant is stronger than the previous notion of
fibrancy, so we have to re-check all the closure properties.

Suppose A, B : U with comp 4 : isAFib(A) and compy : isAFib(B).

comp 4, (&, o, T, ' t)
:= (comp 4 {i/a}(Vi.,a,m, 7', Az.pry (¢(2))),
compp{i/a}(Yi.,a,r, v’  Az.pry(t(2))))
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Example: Fibrancy of X

Suppose A : U and B : A — U with comp 4 : isAFib(A) and
compg : (a: A) — isAFib(B(a)).

COMP (4: 4)x B(a) (@, a,r 0", t)
:= (comp 4 {i/a}(Vi.,c,r, 7', Az.pry (t(2))),
compp{i/a}(a(i))(Vi., o, r, 7", Az.pry(t(2))))

where

a(i) = comp 4 {j/ar}(Vj., a,r, 0, Az.pry(E(2)))
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Implementation: Admissibility of Unit and Counit

We can push the counit and unit operations to the leaves.
» The counit gets stuck on variable uses, so needs to be built
into the variable rule.
D,z: AT'FE:T for £ € locks(T”)

VAR - ~
Do AT Faft/L}: A{t/ac}

» The unit never gets stuck, and does not need any special
treatment.

To have been used, encountered variables must have an attached
key.

(z{t/a}, y{t/a}){Vi./a} = (z{t/a}{Yi./a}, y{t/a}{Vi./a})
(\y.x{t/a} +y){Vi./a} = \y.x{t/a}{Yi./a} + v)
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Implementation: Normalisation

Leads to an interesting normalisation-by-evaluation algorithm.

data Env =
Empty
| Cons Val Env
| Lock (Val -> Env)

data Neutral

| NVar { level :: Int, keys :: [Val] }

Variable lookup means feeding the variable keys to the
environment locks.

Prototype at https://github.com/mvr/tiny


https://github.com/mvr/tiny

Final Thoughts

> Easy to tweak the notion of fibration

» Which definition of equivalence is fastest?
» Equivariant fibrations (JACCRS24])?

» Directed fibrations ([WL20])?

» Or several notions at once?

» Hand-crafted fibrancy structures? (Thinking of Z = 7Z)
> Lazy normalisation algorithm allows more sharing?

» Other non-cubical applications:

» Myers on form classifiers and connections
> Fiore et al. on variable binding in HOAS
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Thanks!
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