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Intrinsic syntax of type theory



Categories with families (CwFs)

CwFs are a notion of model of type theory.
It can be presented as a generalized algebraic theory.

The initial algebra can be defined as a higher inductive-inductive type (HI1T) in type
theory, which can be seen as an intrisically typed syntax of type theory.



Components of a CwF

A category Con of contexts and substitutions

Con : Type

Sub : Con — Con — Type

id :SubrI'r
—o—:SubAI' > Sub®A - SubOTI
idl  :ideo=c

idr  :coid=c

assoc : go(do0B)=(co0d)ob
with a terminal object

¢ : Con
SubI'¢e ~ 1



Components of a CwF (cont.)

A presheaf Ty over Con
Ty : Con — Type
—[=]: Ty > SubAT - TyA
[id] :A[lid=A
[e] :A[ood]=A[c][d]
A presheaf Tm over [Ty
Tm : (" : Con)— Tyl — Type
—[=] : TmIr'A— (o :SubATI') > TmA(A[c])
... (+ functoriality)
Context comprehension
—>—:(:Con)—>TyI — Con
SubA(I'>A)x~ (o :SubAT) X TmA(Alo])



Type formers in a CwF

U :Tyr
ul] : Ule] = U

El :TmI'U—> Tyl
EL[] = (ElD)[o] = EL(U[]. (t[a]))

N :A:TyD>Ty>A) - Tyl
N[l : (MAB)[c] = N(A[e]) (Bl[o"])

... (+ term formers)



The wild syntax



The type interpretation of the wild syntax

Interpretation into the standard/metacircular/type model

[ : Type

[o] Al - ]

[Al 2 [ - Type

[ s(x o rh - (Al x
[id]x :=x

oo 81 x = [lo]l (1 x)
[Alo]l x = [A] ([ol x)



Types do not form sets in the wild syntax

[id]
Y
Ulid] U

AN

ull

[A] :s!
[Ul :=base  [[id]] :=
[Alc]] = [A] [U[]] := loop

Hedberg’s theorem: types do not have decidable equality



The set-syntax




The set-syntax

We add:
isSetSub : (p,q:0=98)—>p=q
isSetTy : (p,q: A=B)—>p=q
isSetTm : (p,q:t=u)—>p=q

We cannot directly interpret the set-syntax into the set model, since set is not an set.



The groupoid-syntax




The groupoid-syntax

We replace isSetTy with
isGroupoidTy : (p,q : A=B)—> (a,f:p=q) ~>a=p

and add coherences

ElD[o o8] —2 (ELD[][6]

(EL)[id] lﬂ[]
El[]i Lid] 2 (EL(t[a])I8]
El (t[id]% Elt Jew

El(t[o o 8]) W EL(t[o][6])



The set interpretation of the groupoid-syntax

I : hSet

ol Y e P

[A] : [I'] — hSet

[z] s I - [AD x
[id]x :=x

[o08] x =[] ([6] x)
[A[o]ll x := [A] ([o] x)
[isGroupoidTy] := isGroupoidSet



a-normalization (better name: (-normalization?)




a-normal types

NTy : Con — Type

U CNTy I’

El :TmI'U - NTy T

M (A INTYyID) > NTy(I'>"A7) — NTy I
r—1 NTyI' - TyrI"

ryl = U

TELt? :=Elt

FHAB-I = rII_A-II_B-I



a-normal types form sets

The encode-decode argument:
Code :NTyI' - NTyI" — hProp
Code U U =1
Code (Elt) (Elt") :=(t=t)
Code (IMAB)(IMA"B") :=(c : Code AA") x Code ((decodec), B) B’
otherwise =0

decode : CodeAA - A=A

By induction, we have Code A A" = (A = A"), which implies (A = A") is a proposition,
thatis, NTy I'is a set.



a-normalization

To show that Ty I'is a set, we want that NTy I" = Ty I, so we define the following:
[Al  :(A:NTyDH)Xx("TAT=A)

[ull = (U,refl)
TELt] = (Elt,refl)
[Alo]] = ?



Substitution of a-normal types

—[-] :NTyI' > SubAT — NTyA
Ulo] = U

(ElH[o] :=El(t[a])

(MAB)[o] =N (A[a]) (T[] (Blo™]))
r—l[] : FA—I[G] — rAlO-I—I

lid] . Alid] = A
o] : Ao o é] = Alo][4]



Substitution of a-normal types (coherences)

rATfo 0 8] =23 rAT[o][6]

rA7id] \L"l[]

r [id] r r A
0, NG i Ala][6]

rAid]? — AT 1o

rAlg e8]t —=> "Alo][o]"



Example proof goal

M ABo o8] L} M ABo][]

1o

i F(NAB)[c]7[d]

Jro

T(MAB)[god]” T> T(NAB)[o][d]"



Example proof goal (computed)

(MTATTBM)[o 0 8] % (NrATTBM[o][s]
o
il (A o) ("B [o*])[d]
! fo
N(ATo o8] ("B (o0 6)*]) (NA e Blo*|M)[4]
gl
[ (NTA[e]™"Blo"+'|D[4]
+ Jno
NA oo 8])Bl(c o 8)*]7 N(A[e][6]) ("Blo"*'T[6*])
gl
i n(A[o][8])"B[o"*"][8*]7
! fo

NrAfo 6] Bl(g 0 8) ] T NrA[c][8]7 Blo™+ ][6™*"]"



Example proof
) S (NFATTBY)[o][5]
o

(MFATTBY[5 0 8]

| n[o]
nf
N (Ao o 8]) (FB[(o 0 6)*]) Ll > N ATo][8]) (TBe*][8*])
[ot]filler
T NEAls) (B ot o 64)) 0 ;
n
| nat | ] OCAYe][8]) ("Blot][6])
I"|[]
N A ol[8]) T Blo* 0 5417 |
2 z [ot]filler g
> N {FAo][8])TBlo* (6]

[o*]

N("Ao 0 8 B(o 0 8)*]"

ai|

~

=

[o™*+ filler

nat

r[]

(N (ANe]) ("B[e*)I8]

lﬁ“

(NA e Bla*|M[6]

\I/h[]

nat (MTA[o|7TB[c™|M)[8]

Jno

N Ale][8]) ("Bla™[67])

lr'\[]

N(Alo][8]) Blo™*"][6*]

\I/hU

NrA[g][8]7™B[c ][6™]"

nat

\
7

[o

NrA[go8|TB[(co8) |7

+7]



a-normalization

[AT T(ACNTyD)x (TAT=A)

[ull = (U,refl)
[ELt] = (Elt,refl)
[A[o]] = ([Al[e], "D
[lidIl == ([id],...)



The groupoid-syntax is a set




The result

We have NTy I = Ty I', which implies Ty I"is a set.
By induction, the groupoid-syntax isomorphic to the set-syntax, thus we can interpret the
set-syntax into the set model.

set-syntax —— groupoid-syntax —— set model
We did not need full normalization, a-normalization works even with an extensional
identity type.
Open question: equationsin Ty, e.g. Booleans with large elimination:
ElimBool : TyI' > Ty’ - TmI' Bool —» Ty I"

BoolB; : ElimBoolA Bfalse = A
BoolB, : ElimBoolA Btrue =B



Groupoid categories with families




Groupoid CwFs (synthetic)

A category Con

A pseudofunctor Ty from Con®? to the bicategory of h-groupoids
A presheaf Tm over [Ty

Context comprehension

Definable components of Ty:
Tym : TyI' - Tyl — hSet
TymAB:=(A =B)
—o—:TymAB — TymBC — TymAC
inv. :TymAB— TymBA
—[=] : TymAB — (o : SubAT') - Tym (A[o]) (B[o])
of] :(feglo]l=flo]oglol

20



Groupoid CwFs (non-synthetic)

A category Con
A pseudofunctor Ty from Con®? to the bicategory of groupoids
A presheaf Tm over [Ty

Context comprehension

Some components of Ty:

Tym : Tyl - Ty — hSet

—o—:TymAB > TymBC — TymAC

inv. :TymAB— TymBA

—[=] : TymAB — (o : SubAT') - Tym (A[o]) (B[o])
of] :(foglo]l=flo]oglo]

21



Category CwFs

A category Con
A pseudofunctor Ty from Con®? to the bicategory of categories
A presheaf Tm over [Ty

Context comprehension

Some components of Ty:

Tym : Tyl - Ty — hSet
—o—:TymAB - TymBC - TymAC
—[=] : TymAB — (o : SubAT') - Tym (A[o]) (B[o])

of] :(feglo]l=flo]eglo]
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Comprehension categories

A category Con
Afibration p : Ty — Con

A cartesian morphism preserving functor y from Ty to Con™, such that the following
diagram commutes:

X

Ty > Con™

N cod

Con

Conjecture: the 2-category of comprehension categories is equivalent to some 2-category
of category CwFs.

23



Conclusion




Conclusion

We defined groupoid CwFs as a generalization of CwFs, where types are groupoids rather
than sets.

The initial groupoid CwF with type formers (the groupoid-syntax) is “coherent”, types
form sets, proven using a-normalization.

This allows us to interpret the set-syntax into the set model.

We formalized this in Cubical Agda.

24
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